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Awards for Excellence in Mathematics and Science Teaching (PAEMST), £ E#FM#l
FHEHRSE, The Presidential Awards for Excellence in Mathematics and Science

Teaching (PAEMST) are the nation's highest honors for teachers of mathematics and

science (including computer science). Awardees serve as models for their colleagues,
inspiration to their communities, and leaders in the improvement of mathematics and

science education. Daniel Flegler is the winner from New Jersey State, and Steven R.
Conrad is the winner from New York State.
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GEOMETRIC PROOFS OF THE IRRATIONALITY OF SQUARE-ROOTS
FOR SELECT INTEGERS

ZONGYUN CHEN, STEVEN J. MILLER, CHENGHAN WU

1. INTRODUCTION

The positive integers 1,2, 3, ... are not surprisingly one of the most important sequences in
mathematies, and typically the first encountered. Quickly one meets interesting sub-sequences,
such as the primes (2,3,5.7,11,...), the perfect squares (1,4,9, 16,25, ... ) and the Fibonacci
numbers (1,2,3.5,8,...) to name just a few. These are well studied and arise in numerous
places; see the On-line Encyclopedia of Integer Sequences [OEIS| for details and properties of
these and others.

Almost all integers have irrational square-roots, with the percent of n < r with /n ¢ Q
approximately 100 - x 1729, The standard proof uses the property that if a prime p divides a
product zy then p|z or ply or both (see for example [M$

) and the Fundamental
Theorem of Arithmetic (every integer can be written uniquely as a product of primes in
increasing order; see [HW]).

Assume a non-square n > 1 has a rational square-root; thus we can write /n =

a/b € Q with a,b relatively prime integers and “i[ll-:!-lli loss of generality it

suffices to consider n that are square-free, as if n = mym3 then i = Vmy-ma.

Then nb* = a®. Asn > 1 is square-free, there is a prime p that divides n. Thus

pla® so plu and we can write a as ap. Substituting vields nb* = o®p*; as n is

square-free and a multiple of p, we must have n/p is an integer relatively prime

to p and thus p|b®. A similar argument now shows b = Ap, contradicting a and

b are relatively prime and therefore /i is irrational.

There's a lot of interesting history on this proof; if we don’t use the property that if a prime
divides a product then it divides at least one factor, we can mimic the above argument, but
only by essentially reproving the result case by case. For example, if n = 2 then we would
have 26 = a. If a = 2a + 1 is odd then a? = 4a® + 4a + 1 is odd, and thus cannot be a
multiple of 2, and thus a = 2a. Similarly if n = 3 we would have 3b? = a? and 3 must divide
the right hand side as it divides the left. We can write a = 3a + r with r € {0, 1,2} and note

¥

a = 9a +6ar+r° = .'1[34':) + 2ar) +r°,




HAaBENZEEESSMER
Math League REMNHZEESE? S

o« REHFMBEF
o REHRKBERK

F L Er

o AENRERIE
o WGFRRLNE R AT




2%£[E Math League
RENBEESCEZFFEIINIE
IG5 S ?

ZEll 5%

o XEH “XAU” BERES, BFHRFE Creative thinking,
critical thinking, and problem solving skills

o FRARFIBEMN, FIWFHNERENEBYE, ZEHFEFLC, R
2\ B R 40 5 (8] 3

o REMUFESEHEAHBRBREASMSY , MEFEFERENLF
REFINEFMERLAENFIRNS

e XHEMMAMFRR AT MNT, AHRFENNE,
e ME5EIF
e HEHBHR

o SRINFIIMZEIRZHEIXRBR/IFR . FEFIEH | TR
F. BANTNBE T —RAAMER

TOWNHOUSES
EAsT




% [E Math League
RENPFECEREERE

EELE, i—%H &7 (R IEIRSS
FEASHBERMAEFEIMENEA RE. &R, LFESIVE, FRE
FREMEBUENAE —LH, T4 KRoJLAZELETT; BEtER, FRZ
ANREBHITH, B 128FEH/28F i =XFEREMHEEIERMIZ .
REIM24NTIEE .

REBES, IERAS B SENARS
MEXFZEERES, 8META=ZE WEFRE, 4EREEENR
%, BERAANRE, BEEHA Fo BEREZMENMEFERE
— MRENIEEE, RFEXRNG, BERMFEEN. £
ABRmEEEZERE(BHE) BITFEF o

N >



‘ALEF3R (New York Times) IRiE

he New JJork Times o o

NUMBERPLAY

Breaking the Grip of the Gaokao,
China’s SAT

By GARY ANTONICK August 31, 2015 12:00 pm

Gary Antonick (center front) with the China Math League team outside Wallenberg Hall at Stanford University on Aug. 19, 2015

The notorious Gaokao, (&%, or “High Test”) is China’s SAT on steroids, with a score on the nine-hour test
being the sole criterion for admission to Chinese universities. Preparing for the test is a years-long obsession

for both students and parents. (In case you missed it: Brook Larmer’s Inside a Chinese Test-Prep Factory.)

And for many, the unfortunate consequence is that the lengthy preparation destroys, rather than enhances,

academic ability. Student enthusiasm and curiosity are crushed.

Although many in China are aware of the Gaokao’s impact, the test has a 1,300-year history and will not be
easily killed. Instead, perhaps the best way to break the Gaokao’s life-draining grasp is indirectly,

through clubs and activities that rejuvenate kids’ sense of curiosity and fun. And two weeks ago I discovered
one such extra-curricular activity that’s becoming popular among Chinese math-lovers: The Math League, an
organization based in New Jersey committed to having kids worldwide enjoy math and discussions about

problem-solving,.

Z[E Math League EM: www.mathleague.world



