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1) EiEeEN

(Clarifying Skills)
X< RIRFAYRIERES
Fia:
While the government claimed that the
new regulations would bolster economic
resilience, critics contended that such
measures might inadvertently stifle
innovation among emerging enterprises.

2) $3¥kee
(Identifying Skills)

Skap, EEPRHERESHS. U5
Fx. FESER

e

The Eiffel Tower is the most beautiful
structure in Europe.

The Eiffel Tower is 330 meters tall.

B ERSERY | )

3) PiREES]
(Paraphrasing Skills)

BECIESHRRAENX, BEINRIERE,
MURHIEH
flf:

In the large field which would
normally contain horses, there are
three big dogs running wildly around.

4) H#EIEEe
(Inferencing Skills)
A) SRS YRR
B) XiBf. EEHISEENRYIEE
C) IMESIRRRSEREE
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fla: The current state of affairs

Instead of a plan of action, they may have been encouraged
continue to press for more - though not justified — by the

research — a classic case of lack of legal penalty for data pRrEAEITEE BAALER
0]

“paralysis by analysis. leakage. 0
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(Summarizing Skills)
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6) iEaEE]
(Questioning Skills)

EI X FABTRI MR AR HAFITE

BESRNIEE
ila:

Despite the protagonist’ s seemingly
benevolent actions, his ultimate
motivations remained ambiguous,
casting doubt on his integrity.

7) g
(Predicting Skills)

RIECRENNEER. FHEMR. 5K
RIE, XWETRAHASRERME SIERN
fiea:

As the narrative unfolds, the protagonist
becomes increasingly disillusioned
with the political system he once
served, foreshadowed by his growing
silence and moral withdrawal.
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Question 1 (12 Credits)

Smith, Johnson, and Cohen live in Brooklyn, Manhattan, and the Bronx (not necessarily in that
order). They are flying to New York City in a jet whose pilot, copilot, and navigator are named
Smythe, Jenson, and Kohn (again, not necessarily respectively). It is known that

(a) Cohen lives in The Bronx.
(b) Johnson is deaf and mute.
(c) Smythe’s wife and the copilot’s wife are good friends.

(d) The passenger whose name sounds like the navigator’s lives in Brooklyn. The navigator,

however, lives in Manhattan.

(e) The navigator’s next-door neighbor, one of the passengers, is a famous opera singer.

Neither of the other two passengers is an opera singer.

Note:
(1) Brooklyn, Manhattan, and the Bronx are three boroughs (parts) of New York City.
(2) Smith, Johnson, Cohen, Smythe, Jenson, and Kohn are the names of the six people.
(3) Smith sounds like Smythe.
(4) Johnson sounds like Jenson.
(5) Cohen sounds like Kohn.

Questions:

(1) What is the position of Smythe? (Please enter 1 if he is the pilot, 2 if he is the copilot, and 3
it he is the navigator.)

(2) What is the position of Jenson? (Please enter 1 if he is the pilot, 2 if he is the copilot, and 3
if he is the navigator.)

(3) What is the position of Kohn? (Please enter | if he is the pilot, 2 if he is the copilot, and 3 if
he is the navigator.)

(4) Where does Smith live? (Please enter | if he lives in Brooklyn, 2 if he lives in Manhattan,

and 3 if he lives in the Bronx.)

(5) Where does Johnson live? (Please enter | if he lives in Brooklyn, 2 if he lives in

Manbhattan, and 3 if he lives in the Bronx.)

(6) Among the three passengers, who is the famous opera singer? (Please enter 1 if it is Simth,

2 if it is Johnson, and 3 if it is Cohen.)

Question 2 (10 Credits)

Two watches are set correctly at 7:00 AM. One watch gains 3 minutes every two hours. The other
watch loses | minute every two hours. At what time the next day will the faster watch be exactly
one hour ahead of the slower watch?

A) 9:00 AM
B) 12:00 PM
C) 1:00 PM

D) 9:00 PM

Question 3 (14 Credits)

Somewhere in the ocean, there is a very strange island where its inhabitants never make
statements; they only ask questions. Then how do they manage to communicate? More on that
later.

The inhabitants ask only questions answerable by yes or no. Each inhabitant is one of two types,
A and B. Those of type A ask only questions whose correct answer 1s yes; those of type B ask only
questions whose correct answer is no. For example, an inhabitant of type A could ask, "Does two
plus two equal four?" But he could not ask whether two plus two equals five. An inhabitant of
type B could not ask whether two plus two equals four, but he could ask whether two plus two
equals five, or whether two plus two equals six.

Suppose you meet an inhabitant of this island, is it possible that he asks you, "Am I of type B?"
The answer is no. If an inhabitant of type A asks, "Am I of type B?" the correct answer is no
(since he isn't of type B), but a type A cannot ask any question whose correct answer is no.
Therefore, no inhabitant of type A can ask this question. If an inhabitant of type B asks the
question, the correct answer is yes (since he is of type B), but a type B cannot ask a question
whose correct answer is yes. Therefore, an inhabitant of type B cannot ask the question either.

Suppose you meet an inhabitant of this island, he had asked you whether he is of type A. What
would you have concluded? Nothing can be concluded. Any inhabitant of this island can ask
whether he is of type A, because he is of either type A or type B. If he 1s of type A, then the correct
answer to the question, "Am I of type A?" is yes, and anyone of type A can ask any question
whose correct answer is yes. On the other hand, if the inhabitant is of type B, then the correct
answer to the question is no, and any inhabitant of type B can ask a question whose correct answer
is no.

(1) T once visited this island and met two inhabitants of this island named Ethan and Violet. I

heard Ethan ask someone, "Are Violet and I both of type B?"

What type is Ethan? (Please enter 1 if he is type A, 2 if he is type B, or 0 if his type can’t be
decided.)

(2) I once visited this island and met two inhabitants of this island named Ethan and Violet. I

heard Ethan ask someone, "Are Violet and I both of type B?"

What type is Violet? (Please enter 1 if she is type A, 2 if she is type B, or 0 if her type can’t be
decided.)




(3) I met another two inhabitants of this island named Arthur and Robert. Arthur once asked

Question 4 (10 Credits)

e i - - s - 6 .
Robert, "Is at least one of us of type B? Mrs. Thomas is putting down two identical red bowls and one blue bowl around a circular table to

i ) 5 5 L AlaER L s . indicate seating positions for lunch. In how many ways can she arrange the red and blue bowls
i What type is Arthur? (Please enter 1 if he is type A, 2 if he is type B, or 0 if his type can’t be sonndibetable? Tha answor s 1.

i decided.)
i Note:
(4) I met another two inhabitants of this island named Arthur and Robert. Arthur once asked (a) Two arrangements are considered the same if one can be obtained from rotating the other
Robert, "Is at least one of us of type B?" one.

What type is Robert? (Please enter 1 if he is type A, 2 if he is type B, or 0 if his type can’t be

decidedy (b) The red and blue bowls are placed around the table with equal distance between them.

(c) Assume the table is big enough to hold all bowls.

(5) Next I met another two inhabitants of this island named Alice and Bob. Bob asked Alice "Are
Mrs. Thomas is putting down two identical red bowls and two identical blue bowls around a
circular table to indicate seating positions for lunch. In how many ways can she arrange the red
and blue bowls around the table? The answer is 2, figure below, not drawn to scale.

we of different types?"

What type is Alice? (Please enter 1 if she is type A, 2 if she is type B, or 0 if her type can’t be
decided.)

ﬁm *H*E ! 0 ! 3 E (6) Next I met another two inhabitants of this island named Alice and Bob. Bob asked Alice "Are
5 we of different types?"
What type is Bob? (Please enter 1 if he is type A, 2 if he is type B, or 0 if his type can’t be
 —— ]
JU E=3
ey
ask whether T am of type B?"

decided.)
r 1 . ons : P g o . circular table to indicate seating positions for lunch. In how many ways can she arrange the red
ﬁ What type is Zorn? (Please enter 1 if he is type A, 2 if he is type B, or 0 if his type can’t be
I e

(7) Then I met an inhabitant of this island named Zorn. He asked me, "Am I the type who could
(1) Mrs. Thomas is putting down two identical red bowls and 5 identical blue bowls around a

decided.) and blue bowls around the table?

(2) Mrs. Thomas is putting down two identical red bowls and 7 identical blue bowls around a
circular table to indicate seating positions for lunch. In how many ways can she arrange the red

and blue bowls around the table?

(3) Mrs. Thomas is putting down two identical red bowls and 14 identical blue bowls around a
circular table to indicate seating positions for lunch. In how many ways can she arrange the red

and blue bowls around the table?

Preed2ntifE ERALER

(4) Mrs. Thomas is putting down two identical red bowls and 2000 identical blue bowls around a
circular table to indicate seating positions for lunch. In how many ways can she arrange the red

and blue bowls around the table?




Question 5 (10 Credits) Question 8 (10 Credits)

An anthropologist discovers an isolated tribe whose written alphabet contains only six letters (call Each side of the 9 cm by 9 cm square shown below is divided into three equal parts. Find the area
the letters A, B, C, D. E. and F). The tribe has a taboo against using the same letter more than once | i of the shaded region. in square cm.

i in the same word. If each different sequence of letters constitutes a different word in the language, !

what is the maximum number of six-letter words that the language can employ? :

h

(Note: Every six-letter word must contain exactly six letters.) H /

i Question 6 (10 Credits)
: Question 9 (10 Credits)

In the figure below, each letter represents one of the digits from 0 to 9, inclusive. The same letters,
for example, the two A’s, stand for the same digit; different letters take different digits. A solution Two ranchers sold a herd of cattle and received as many dollars for each animal as there were
1s the assignment of digits such that the result is a correct addition problem. What is the five-digit | cattle in the herd. (If there were two animals, they received 2 dollars for each one; if three, 3
number represented by LATER? I dollars for each one; etc. We're told that they started with no more than 20 cattle.) With the
money, they bought as many sheep as they could at 10 dollars a head, and a goat with the
L ET 5 i remainder (less than 10 dollars). Finally, they divided the animals between them. There was,

however, an odd number of sheep. So one rancher took the extra sheep and the other rancher took
the goat. Of course, this was not an equal division, since a sheep was worth more than a goat.
How much did it cost them to buy the goat in dollars?

+ WA VE

B ARAE2023E

" 2 e | i Question 7 (10 Credits) § Question 10 (10 Credits) :
li B ﬁ i The numbers | through 9 are placed one per square in the figure below. The total of the 5 numbers Four men own the following musical instruments: Matthew, oboe and bassoon; Hank, trumpet and
ey i in the horizontal row is the same as the total of the 5 numbers in the vertical column. Find all the | flute; Jack, flute and clarinet; Bill, trumpet and oboe. If the bassoon is cheaper than the oboe, the |

i different values that M can be.

trumpet is more expensive than the flute, the oboe is cheaper than the flute, and the bassoon is
more expensive than the clarinet, who owns the most expensive instruments?

A ﬁ ! : (Matthew, Hank, Jack, and Bill are the names of the four men. Oboe, bassoon, trumpet, flute, and
I T 3 : clarinet are five different musical instruments. ) :

: : Note: Please enter | if your answer is Matthew, 2 if your answer is Hank, 3 if your answer is Jack,
{ : and 4 if your answer is Bill. ;

M| 4|9 7

Note: This is the way to enter your answer. For example, if M can be three values in your answer,
M 1. M2, and M3, enter the value of M| + M2 + M3, similar for other answers.

Preed2ntifE ERALER
=] ®]




2-5. (Time Limit: 7 minutes) How many ditferent two-digit numbers use two of the digits 4, 6, 8, and 9,
but do not use both a 6 and a 9 in the same number?

ﬁ*i*H*EZO'I SE 2-6. (Time Limit: 7 minutes) I have 30 cards in each of 10 colors. At least how many cards must I give
you to be sure I give you at least 10 cards in each of 3 different colors?
M. ASFEHFRET

TMAE

2-7. (Time Limit: 7 minutes) After Al and Bob ran 6 races, Al led 4 to 2. If Bob never led in the scor-
ing, how many different scores represent one of the possible scores that lies between a 0 to 0
start and a 4 to 2 end?

PReeRBINE BENDALER
E I




26.

As shown below, thirty-two pegs are placed on all cells except the cell in the center
(cell 17). A "jump" consists of moving a peg over any adjacent peg, removing it, and
landing on the next empty cell. One is allowed to jump vertically and horizontally, but
not diagonally.

]
l

®

.

®
Soooo00

ﬁ* * H*E 2 0 2 4E For example, the first jump may be the one shown below.

M. TR

=F =

i The objective is to empty the entire board apart from a single peg in the central cell.
That is, at the end, the board should be empty apart from a single peg in the central
cell, as shown below.

B;Eﬁ%%um%ﬁ&{% ETU_ AIgHE (1) Is it possible to achieve this goal?

(2) How many jumps are needed to get a solution if it is possible to achieve this

goal?
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Peg Solitaire and Group Theory

Yael Algom Kfir

February 2006

1 A description of Cross Peg Solitaire

The board is cross shaped and contains of 35 holes. A peg might be placed in each hole.

The starting configuration is a full board except for an empty place in the center.

[ AR BN J
LAR B J
e o @9 o o o
LR BN J LA AN ]
(B RN BN BN SN BN 3
L AR BN ]
LA BN J

A peg is allowed to jump vertically or horizontally over an adjacent peg to an empty hole.

The peg that was jumped over is removed, decreasing the number of pegs on the board by one.

@wﬂjﬂ

The object of the game is to invert the starting configuration, i.e. to end up with one
peg in the center of the board. According to the game brochure (Milton Bradley Co., 1986),
whoever succeeds in leaving the last peg in the center is a genius. Anyone who leaves a single

peg elsewhere is an outstanding player.

2 A variation of the game: Octagon Solitaire

We can alter the game by changing the starting position, ending position or the structure

of the board. The following version of the game was manufactured and sold in Israel. The

board is now in the shape of an octagon.

e|eo|e
oo |e|e|e
AR AR AR AR R AN
oo eo|e|e Y .
oo /e|o(s|s|e
oo (oo
elo|e

The starting configuration The winning configuration

The game’s brochure didn’t include a solution. Alternatively, the manufacturer offered a
prize to anyone able to come up with one. No matter how generous the prize actually was,

the manufacturer wasn’t taking any chances by offering it. The game is insolvable!

Let’s take a moment to reflect here. How can we know for sure that no matter which
way we proceed we’'ll never be able to end up in the winning position?
In this case we can make the following rough estimate: Any peg can move in 4 directions or
less. At any given time there are no more than 38 pegs on the board. Hence, at any point
of the game we have no more than 4 - 38 = 152 options for legal moves. Since we lose a peg
with every move and we start with 38 pegs, a single game will consist of 37 moves or less.
Therefore, the number of possible games is less than (152)7,
Therefore, in order to show that no solution exists all we have to do is check all possible games
and verify that none of them is a winner. The problem is that (152)*7 is an astronomical
number and it is quite impractical to go over so many games, even with the aid of a computer.
Moreover, oftentimes in Math or Physics we want to affirm the impossibility of a process or
the existence of an object, and there usually the number of possibilities there is not finite,

so such an approach will never work.

3 Aside: No solution to the general quintic polynomial

ou mig] nave seen that the roots of the quadratic polynomial: r) = ar” + or C are
Yo ght | hat tk ts of the quadratic poly 1 2 4+ bx +

ShEve=dac "Qf_““” This means that f(z) =0 only when we plug in z1 or s (when

given by &1 =
they exist). The roots z; and zy are given by a formula involving the coefficients of f(z)
and the operations: addition, subtraction, multiplication, division and taking square roots.

The solution to the quadratic equation was probably known to the ancient babylonians as
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early as 1600 BC. In 1545, Girolamo Cardano, an Italian physician, published his Ars Magna
which contained a solution to the cubic polynomial (disclosed to him by a mathematician
called Fontana). This volume also contained a method, due to Ludovico Ferrari, of solving
the quartic polynomial (degree 4) by reducing it to a cubic. All the formulae discovered
had the striking property that the expression for the roots was built up from the coefficients
by repeated addition, subtraction, multiplication, division and extraction of roots. These
became known as radical expressions.

Since all equations of degree < 4 were now solved it was natural to assume that the quintic
(degree 5) equation could also be solved by a radical expression. After a long period of failed
attempts and slow progress on this question, Niels Abel proved in 1824 that the general
quintic equation is insolvable by radicals. In other words: There are some polynomials of
degree 5 who’s roots are not radical expressions of the polynomial’s coefficients!
(Clearly a counting argument could not help us here, since there is an infinite number of
such expressions).

The final analysis of which polynomials are solvable by radicals and which aren’t was done
by a young Frenchman, Evariste Galois in 1832, though it took some 20 years for his work to
be recognized. The beautiful theory he developed to solve this problem is still inspirational

today in many branches of mathematics.

4 The insolvability of Octagon game

Lets "color” our board with the numbers 0 and 1 as in the figure.

1]11]0
1 e
1j1j{0f1j1]0f1
110(1[/1/0]1(1
0]1/1]0)1]1
1/0{1/1]0
111]0

For a configuration C' let N be the sum of "colors” of the filled places. For example,

N, % =24 (we do not count the empty 1 in the center).

“Vstart

1[1]0
11110]1]1
1]1{0f1j1]0f1
110(1[1/0[1(1
0j1[1]j0)1|1]|0
1/10]1/1]0
1{1]0

Notice that preforming an elementary move might change N, or leave it unchanged as demon-

strated by the following examples:

[1fo[1] ~»

N doesn’t change

[il1fo] ~s [1]e]
N decreases by 2

However, the parity of Ng remains the same throughout, since moves either leave N un-
changed or decrease it by 2. Let’s take a moment to digest this: the parity of N, p(N¢)
is an invariant of the game, which means it remains constant (while C' changes) because as
we've seen 1o legal move can change it.

N_ ot = 24 which is even, and since the center is marked by 1, N2t = 1 which is odd. So we

cannot get from one configuration to the other. We cannot win this game!

5 Introduction to Groups

We will now show the insolvability of the octagon game by a different method — using
groups.
A group is a collection of reversible actions that we can carry out one after the other.

Consider the actions you take to get dressed in the morning:
e put a sock on the right leg.
e remove sock from the left leg.
e put on both shoes.

e put on a pair of pants.
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Sometimes, the order of the actions matters and sometimes it doesn’t. Putting on your right
sock first and then your left one, or doing it the other way around, doesn’t really change the
end result. However, putting on your underwear first and then your pants is different than
putting on your pants first and then your underwear! It seems superman hasn’t realized this
vet, but he is an alien after all. Here’s another example, “Don’t drink and drive” is not quite
the same as “Don'’t drive and drink”.

Two elements (actions) in a group are said to commute if the order in which they are carried
out doesn’t matter. A group in which every two actions commute, is called commutative or

abelian (named after Abel, whom we’ve already met in section 3).

6 Klein’s Group

Suppose we have two light bulbs, and two buttons. Pushing button A lights the left bulb,
and another push turns it off. We denote the action of pressing A by a. Pushing button
B lights the right bulb, another turns it off, this will be denoted b. ¢ is pressing the two
buttons at once, and e is not doing anything at all.

Our group, K, will consist of 4 elements: a, b, ¢ and e. Doing a and then «, denoted a - a or

just a2, is like doing nothing at all. We express this by the equation a?

= e. The same goes
for b: b = e. Doing a and then b amounts to lighting both bulbs so a - b = ¢. We completed
the multiplication table for the group K below (multiplying two elements just means doing

one after the other from left to right).

e a b ¢ «— dofirst

ele a b ¢
ala e ¢ b
blb c e a
do second ¢l ¢ b a e

Clearly, K is an abelian group.

o

Sometimes, the order of the actions matters and sometimes it doesn’t. Putting on your right
sock first and then your left one, or doing it the other way around, doesn't really change the
end result. However, putting on your underwear first and then your pants is different than
putting on your pants first and then your underwear! It seems superman hasn't realized this
vet, but he is an alien after all. Here'’s another example, “Don’t drink and drive” is not quite
the same as “Don’t drive and drink”.

Two elements (actions) in a group are said to commute if the order in which they are carried
out doesn’t matter. A group in which every two actions commute, is called commutative or

abelian (named after Abel, whom we’ve already met in section 3).

6 Klein’s Group

Suppose we have two light bulbs, and two buttons. Pushing button A lights the left bulb,
and another push turns it off. We denote the action of pressing A by a. Pushing button
B lights the right bulb, another turns it off, this will be denoted b. ¢ is pressing the two
buttons at once, and e is not doing anything at all.

Our group, K, will consist of 4 elements: a, b, ¢ and e. Doing a and then a, denoted a - a or

just a2, is like doing nothing at all. We express this by the equation a?

= e. The same goes
for b: b* = e. Doing a and then b amounts to lighting both bulbs so @ - b = ¢. We completed
the multiplication table for the group K below (multiplying two elements just means doing

one after the other from left to right).

- « do first

do second ¢

Clearly, K is an abelian group.

(4]
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mirror image, numbered (2) - just mirror image the moves!

®

mirror
a C alb|c
blg|a blela
alblelalblcla alblelalblc|a
blela clalb bleclalblclalb
clalb alb|c clalblelalb|c
c b cla|b
a G alb|c

But by our previous consideration, the configuration on the right is impossible, since it

is marked by ¢. Hence the configuration on the left is also unattainable. We can thus rule

out all one peg configurations except for the winning one and:

albl|e
blcla
alblclalblcla
blclalblelalb
clalble|alb]|e
clalb
alblc
(1ii)
alble
blela
alblclalb|c]|a
blelalblelalb
clalblec|la|b]c
cl|a !‘
alble

(1)

alb|

blela
alblelalblel|a
bleclalblclalb
clalble|alb]|ec

cla|b

alblc
(iv)

alb|c

blela
alblclalblc|a
blelalblcelalb
clalblelalb]|c

clalb

a !‘ C

Now comes the punch line: suppose

one must have been:

we've arrived at configuration (i) then the previous

-1

But we could have easily gone from that configuration to a winning one. Therefore, whoever
reaches configuration (i) must not have comprehended the rules of the game, hence must

have been very lucky to end up where he did.



9 Warm-up 10 Exercises: The First Batch

Get from the following starting positions, to the winning configuration. 1) a. What is N, for the cross shaped game with the following coloring? What is the
parity of Nyu?
o[efe oo
D D oefe D ool
oefe . oefe oefe o[e[ee[e]e]e 11110
. e[e[eefe o [e o[e[e[efe e[e[e| [ee]e 1{0]1
. . e[e/e[e[e[e|e e[e[eo[e[e|e 11lol1ltlol1
s 2l b 1joftfi]of1]1
o[e|e
0]1]1[0]1]1]|0
011
111]0

ﬁ ; *H*EZ 0 2 I E b. Notice that legal moves still leave p(N¢) unchanged. Suppose you end up with

only one peg. In which squares can it be?

1 2 2) Would the following coloring of the board still leave p(N¢) invariant? Check how the
LY £ ﬂ contribution of a triplet changes after doing an elementary move.

0/1]0

110f0
[ | 0/1]0[/0]|1[0]0
y=F =3 To[o1[0]0]1
ey o[o[1]o]o]1]0

0]0)1

0/1]0

4

8 == ==
\ V== & 3) Prove that the following games are insolvable.
n ™

HOH ERREEE T T
PreAEE BEAOALER 1514l sl :

4) Consider the board, obtained from an 8 x 8 chess-board by removing two corner squares

9 10
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on the same diagonal. Is it possible to completely cover this board with domino pieces?

Each domino piece covers two squares.

5) Can you improve the bound on the number of possible games made in section 27

11

11 Exercises: A Second helping

1. Consider the following group of actions on the real line: for any integer number n,
fu(z) = z+n. You can think of R as a long (infinite) piece of string with a stationary
red bead at 0. f, shifts the string n inches to the right if n is positive and |n| inches
to the left if n is negative.

a) Describe fq.

b) Describe f3 - fo (don't get confused this is not regular multiplication! Here f3 - fa

means do f3 and then do fy).

¢) Describe fs - f3 (remember only the end result matters).

d) Describe f; - f_.

e) What is f, - fi, for any integer n and m?
This group should be familiar to you by now. If we forget that the f,s are actions
and just keep in mind the way they interact in the group we get the group of integer
numbers, and the multiplication between actions is simply addition of integers (Weird,

isn’t it?).

2. Suppose we have three drawers marked 1,2 and 3, and three balls marked a, b and ¢.
We start with @ in 1, b in 2 and ¢ in 3. Let f be the action of switching the balls in
drawers 1 and 2. Let g be the action of taking the ball in drawer 1 to drawer 2, the
ball in drawer 2 to drawer 3 and the ball in drawer 3 to drawer 1.

a) Describe f - g.
b) Describe g - f.
¢) Describe f? and f3.
d) Describe g2 and g°.
This is a non-abelian group, which contains 6 elements (actions). It is called: the

symmetric group on 3 letters, denoted Sj.

12



